Creationist cosmologies explain the
anomalous acceleration of Pioneer

spacecraft
D. Russell Humphreys

A broad class of creationist cosmologies' offer an explanation for the ‘Pioneer effect’, an apparent small Sunward
anomalous acceleration of the Pioneer 10 and 11 spacecraft. If a large volume of empty space surrounds the
matter of the cosmos, so that the cosmos can have a centre of mass, then the matter is in a deep gravitational
potential ‘well’. If space is expanding and spreading the matter outward, then the depth of the well is decreasing.
According to general relativity, especially a new solution of Einstein’s equations derived in the Appendix (which
also deals with Birkhoff's theorem), the decreasing depth continuously shortens ‘radar’ distances within the well,
causing the observed apparent acceleration. The magnitude of the anomalous acceleration implies the bottom
of the potential well has not yet risen very far above the critical depth for gravitational time dilation. Thus the
Pioneer effect supports the essentials of several creationist cosmologies: a centre of mass, expansion of space
and recent time dilation.2 Big bang theorists, whose cosmology does not have a centre of mass, cannot use this

explanation. As yet, they have no alternative theory upon which they agree.

The ‘Pioneer effect’ and its connection
with cosmology

n 1998, a team associated with the Jet Propulsion
Laboratory, Anderson et al.,® reported data from the
Pioneer 10/11, Galileo and Ulysses spacecraft indicating
an ‘apparent anomalous, constant, acceleration acting on
the spacecraft with a magnitude ~8.5x10-® cm/s?, directed
towards the Sun.” The Pioneer spacecraft are very distant,
far beyond the orbit of Pluto. The report prompted a
flurry of activity among theorists, who tried to explain
the anomaly by using (1) prosaic effects such as gas leaks
from the spacecraft,*® (II) exotic new physics,”® or (I11)
known phenomena previously not applied to the problem.®
This article is in class I1l. Anderson et al. answered class |
comments, making a good case that the cause of the effect is
not trivial.’®* Then in 2002 they thoroughly documented??
the effect for Pioneer 10 and 11, the two spacecraft showing
the anomaly most clearly. They also surveyed all the
theoretical offerings, finding none clearly workable. In late
2005, two of the team’s authors surveyed additional evidence
and concluded that it supports their original conclusion: the
effect is real. ‘But’, they say, ‘neither we nor others with
spacecraft or navigational expertise have been able to find
a convincing explanation for the anomaly.’*®
The Pioneer anomaly manifests itself in two ways: (A)
as a shortening of the radar (transponded) range relative to
the expected one, and (B) as a steady increase of the received
(transponded) radio frequency relative to the expected one,
i.e. a ‘blue shift’. After evaluating systematic and random
errors, they list in their eq. (53) their best estimate of the
anomalous acceleration: a =- (8.74 £ 1.33) x 108 cm/s?,
where the minus sign represents Sunward acceleration. In
and around their equation (57), Anderson et al. point out (as
have many others) that their value for a , is approximately
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equal to the Hubble constant H times the speed of light c:
a, = —-Hce (N

If'this relationship were exact, then their preferred value
fora above would imply that the Hubble constant is:

km/s
Mpc
This range of values overlaps the currently accepted
range of values for the Hubble constant,'* although the
midpoint above is a bit on the high side. This possible
connection with cosmology is what aroused the interest of
so many theorists. In this article | offer a straightforward
explanation for such a connection.

H =(90+14) (2)

A centre and expansion imply increasing
gravitational potential

The usual Friedmann-Lemaitre—Robertson-Walker
(FLRW, big bang) cosmologies assume that all space is filled
with an approximately uniform density of matter-energy. As
I have pointed out,’>!¢ that means such cosmologies do not
have a centre of mass within the three-dimensional space
we inhabit. To make an alternative cosmology, we could
suppose that a large volume of empty space surrounds the
matter, in which case the matter would have a centre of mass.
The Bible supports such a view.!” On that basis | suggested
a centre-of-mass ‘white-hole’ cosmology in 1994.% In 2003
two non-creationist mathematicians proposed a similar
one in the secular literature, though their white hole had
no recent time dilation.® | know of two other creationist
cosmologies with a centre of mass.?2

The matter in a centre-of-mass cosmos would be
deep within a ‘well’ of gravitational potential ®. Many
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distributions of matter would give potentials resulting in
similar conclusions as those of this article. Figure 1 shows
one example. This new model is different than the one
in my book because it accounts for the ‘waters above the
heavens’ mentioned in Psalm 148:4 and other Scriptures.?
As | implied in the book (but did not make clear),?® the mass
of the waters above the heavens could be much greater than
the mass of all the stars of the cosmos. In that case, the
potential within the shell of waters would be nearly flat®
compared to the shape of the potential outside the waters.

Neglecting (though we could account for it at the
expense of some clarity) the relatively small average
curvature of space due to the mass® of the galaxies within
the ‘waters above’, the Newtonian gravitational potential
would be:*

- ﬂ, forr <R
() =4
— GM, forr >R
B

where r is the radial distance from the centre of mass, R is
the radial distance from the centre to the ‘waters above’, M is
their mass, and G is the Newtonian gravitational constant. In
my book I reviewed biblical and scientific evidence that the
fabric of space has expanded and perhaps is still expanding.?’
As the expansion of space proceeds, the matter (i.e. the
distances between galaxies or anything larger) expands with
it, so the radius R becomes larger also. Eq. (3a) and the
Appendix (in more detail) show that increasing R makes the
potential inside R become less negative, as figure 2 illustrates.
That is, as matter becomes more spread out, the potential well
becomes proportionally shallower.

Differentiating eq. (3a) with respect to proper time T (in
this case, time as recorded by physical clocks at rest with
respect to the earth) gives us the rate of increase of @ in terms
of the rate of increase of the matter radius R:

b — GM R

(3a,b)

forr <R (4)

Here in the main text (but not in the Appendix) the dots
represent partial derivatives with respect to proper time.
Throughout this article, ® is a negative number and P is a
positive number. Inserting eq. (3a) into eq. (4) simplifies the
expression for the rate of increase of the potential:

. R
O=-D— (5)
R

For an FLRW metric, the fractional rate of change of the

scale factor S of the expansion? is the Hubble constant H:
Z=H (6)
S

In my cosmology, the radius R of the waters above
specifies the amount of stretching of the fabric of space,
which in turn determines the amount of red-shifting a photon
experiences,? just as in an FLRW cosmology. So in my
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'Waters above'
of radius R

Figure 1. Gravitational potential ®(, 0, ¢), with 8 suppressed,
caused by spherical shell of matter (the ‘waters above the expanse’)
at distance R from the centre.

D,
0

Y

Figure 2. Stretching space increases the radius R(t) of the waters
above the heavens, which in turn increases the gravitational
potential @(r, 1) inside R(t). Time t, is greater than time t. The
potentials inside R are flat, neglecting the small mass (relative to
that of the waters above) of all the galaxies within R.

cosmology, R is related to the Hubble constant in the same
way as S is in the big bang theories:
R
~—=H 7
R (7)
Using eq. (7) in eq. (5) gives us:

b =—PdH (8)

Increasing gravitational potential
speeds up radar pulses

Next, let us examine the general-relativistic effects of a
changing potential. The Appendix shows that the metric*
below, containing the potential ®@ of eq. (3a), is an exact
solution (both for large potentials and moving shell) of
Einstein’s gravitational field equations inside R(t):
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=1
ci\-’zc-"[1+£]df—{l+£] dr’ )
c c

Here dt?and dr? = dx? + dy? + dz? are the squares of
intervals of coordinate time and coordinate distance between
two spacetime events near each other. They are intervals as
would be measured by a system of conceptual (independent
of physical effects) clocks and rulers distributed throughout
space, all synchronized and calibrated with physical clocks
and rulers located where @ is defined to be zero (in this case,
forr — 0).3t

Inside R, as I mentioned above eq. (3a), | am approximating
the potential @ as flat (i.e. neglecting the mass of the stars
in the cosmos), everywhere equal to the potential at radius
R, so forr <R, ® = ®(R). Because R depends on time, the
potential within R also depends on time, so that ® = ®(t).
One innovation in the Appendix is that it shows that in the
cavity, the coefficient of dr? in metric (9) can (and must)
depend on time, and yet it remains a solution of Einstein’s
field equations. That is contrary to a common interpretation®
of a well-known theorem by Birkhoff.** The Appendix points
out a loophole in that interpretation. Another innovation is
that inside the shell the metric is exact (as was previously
known for the region outside the shell) even for large depths
of the potential well, depths on the same order as —c2. We
can re-write this metric in a simpler form:

ds’ =c’dr’ — de’, (10)
where I define the symbols dzr and d¢ as:
%
f.fTE[]+£) dt (11)
JE
—
o) /2
(.ffE[]+_—(P) dr (12)
JE

Relativists will recognize dr and d¢ as intervals of proper
time and proper distance. Below, for clarity, | will call the
proper distance d¢ the ‘radar’ distance, because setting ds
= 0 (see end note®*) for a positive-going radar pulse in eq.
(10) gives us

dt = cdr, (13)

just as we would expect for the propagation of an
electromagnetic signal.

There is an important difference between coordinate
distance and radar distance. Imagine two small particles
at rest in a small region of space where the gradient of the
potential is zero. The coordinate distance between them is
or and the radar distance is 6¢ = dr(1 + 2d/c?)™, according
to eq. (12). Ifthe potential @ in the region changes suddenly
(still keeping the gradient zero), we would expect the
coordinate distance Jr to remain unchanged for at least a
moment, because (a) it is the distance measured by an ideal
ruler which is unaffected by the change in potential, and (b)
the ideally-measured distance between real particles cannot
change instantaneously. In other words, | am interpreting the
coordinate distance or as the distance that would be measured
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by a set of rulers which are not affected by spacetime.
These conceptual rulers are outside the fabric of space,
not conforming to its curvature and not changing length in
accordance with its conditions.

In contrast, according to eq. (12), the radar distance o¢
would change suddenly with a sudden change in the potential.
We can interpret that change as being caused by a change in
the propagation speed dr/dz (coordinate distance traveled per
unit proper time) % of a positive-going radar pulse, which we
get by using eq. (11) in eq. (9) and setting ds = 0:

dar_ 1+ Q c (14)
dr c”

Because the potential @ is continually becoming
less negative, eq. (14) says that in these coordinates,
the propagation speed of the radar pulses is continually
increasing.

Faster radar pulses cause the Pioneer effect

As we will see below, this increasing propagation
speed for radar pulses causes radar distances to continually
decrease with an accelerating rate of decrease. First, from
egs. (13) and (14) we can again get eq. (12), but now we can
interpret that equation as giving the radar path length d¢ for
an infinitesimal coordinate distance dr a radar pulse travels.
Next, integrate eq. (12) from zero to r to get the radar path
length ¢ of the pulse when it has travelled a coordinate path
length r:

c

ezj[mg]" dr’ (15)

0

In the case of a radar range measurement, £ and r are the
round-trip radar and coordinate path lengths. For simplicity,
let us make the integral’s upper limit r constant with time,
corresponding to an object a fixed coordinate distance Y4 r
from Earth. (I will relax the requirement for fixed r later.)
As the potential @ increases with time, the integrand above
decreases. That implies the radar path length £ will decrease
during successive pulses. Now differentiate eq. (15) with
respect to proper time to get the rate of change of the radar
path length:

de {0 20 V4|
oS+ = i 1
dr Iar{[ " ¢’ ] ]“ (16)

Replace the integration variable above with the
following:

_ar’
dt’
Carry out the differentiation in eq. (16), then use eq. (14)

to replace dr/dz. That gives us the rate of change of the path
length for an object of fixed coordinate distance:

T =1
a _ 1 I(I+EJ ddr’ (18)
dt c c

The integral’s upper limit 7 is the proper time a radar

dr’ dr’ (17)
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pulse takes to travel a round-trip coordinate path length r,
having started at r =0 and = 0. Again, take the derivative®
of eq. (18) with respect to proper time to get the acceleration
of the radar path length:

se__ o

(19)

2 3 (‘
dr” c+20
The radar range L is one-half the round-trip radar path
length: L =% ¢. Using that in the equation above gives us
the acceleration of the radar range:
d’L | (0]
— =5 c
dr” Tt +20
This means successive radar measurements of an object
at a fixed coordinate distance from Earth would give a
sequence of ranges L, L, ... that would decrease with the
acceleration given above. To relate this result to the Hubble
constant, use eq. (8) to substitute for ® above:
L, D
dr* 420
This equation would be the same as eq. (1), a,=-Hc, if
the potential ® has the value

(20)

He 1)

D=-2¢ (22)

Let us determine @ more exactly, as well as we can,
with the Pioneer effect data. Using the fact that 100 km/s
per Megaparsec is 3.2408 x 1028 s* and the measured value
of the acceleration in the text above eq. (1), we can write eq.
(1) more accurately as:

0.8996+0.1369
—[ ’; ! ]HL-.
T

where h = (measured value of H) / 100 km/s per Mpc. A team
using the Hubble Space Telescope to try to determine H as
accurately as possible reports that h = 0.72 £ 0.08.3" Using
that range of values in eq. (23) gives:

a,=—(12570%) He,

(23)

Lad

a_ =

(24)

Next, replacing the left-hand side of eq. (21) with
the right-hand side of eq. (24) and solving for ® gives a
numerical result for the depth of the potential in our part of
the cosmos:

d=—(042+0.02) ° (25)

So according to these considerations, the gravitational
potential in our locality today is between —0.40 c2 and — 0.44
c2. Thatis not far above the value —%2¢?, which is the level at
which large time dilation® occurs in the metric of equation
(9). Eq. (3a) says that to get a potential of —%2c? for R = 13.8
billion light years (not far beyond the distance the Hubble
Space Telescope can see galaxies); the mass of the waters
above would have to be about 8.8x10% kg.** That would
be more than 20 times the mass of the all the stars, if the
cosmos is that size.**

To put it another way, using the potential of eq. (25)
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in the result of my derivation, eq. (21), gives the observed
anomalous acceleration of the Pioneer space probes. This
acceleration is toward the earth, but the Pioneer spacecraft are
so far away that this would be, at present, indistinguishable
from the nominally Sunward acceleration.*

You might recall that the derivation above had the
spacecraft stationary at a fixed coordinate distance r. That
was just for simplicity and does not affect the results. For
observers on Earth, the apparent (radar) acceleration and
velocity would of course add to or subtract from the effects of
the already-modelled coordinate acceleration T and velocity
I of the spacecraft.

Discussion and conclusions

In the second paragraph of this article, | listed the two
ways the Pioneer effect manifests itself experimentally.
The first one, (A), the shortening of range according to
the decreasing round-trip transit time of transponded radio
signals, would be a direct consequence of eq. (21). The steady
decrease in round-trip time would also apply, on a smaller
time scale, to the time between received radio wave crests.
That would explain observation (B), the steady increase in
the transponded frequency of the signals.

So an expanding cosmos having a centre of mass
provides a simple explanation of the Pioneer effect. If this
explanation is correct, the anomalous apparent acceleration of
the Pioneer spacecraft would be the first local manifestation
we have observed of the expansion of the cosmos, and the
first evidence an expansion is occurring in the present, not
just the past.

In contrast, the big bang theory cannot use this simple
explanation, because it does not have a center of mass or a
large portion of empty space around its matter. Big bang
matter would not exist within a gravitational ‘well’, and
so there would be no change of gravitational potential as
expansion proceeds. Without such a change, there would
be no change in ‘radar’ distances and thus no apparent
anomalous acceleration of spacecraft. In the absence of an
alternative explanation of the Pioneer effect that would be
compatible with conventional cosmology, the creationist
explanation weighs against the big bang theory.

The magnitude of the Pioneer effect, interpreted
according to this paper, would mean the depth of the cosmic
potential well is not far above the critical potential at which
there are large time dilation effects. Because the potential
well has been moving upward through the critical level, large
time dilations must have occurred in the relatively recent
history of the cosmos. If the earth is located near the centre
of mass, it would have emerged from the critical level nearly
last of all the matter in the cosmos. According to Scripture
and geoscience data, only 6,000 years as measured by Earth’s
clocks have elapsed since then. Combining that information
with the present value of H implies that today the earth would
still not be far above the critical level, agreeing in general
with the value in eq. (25).

In conclusion, the observed anomalous acceleration of
distant spacecraft supports the essentials of several creationist
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cosmologies—a cosmic centre of mass, expansion of space,
and recent gravitational time dilation.

Appendix: Exact metric in an empty
expanding shell

This appendix is for readers familiar with general
relativity. Imagine the waters above the heavens as a thin
expanding hollow shell of total mass M and radius R(t). |
want to show that the metric of eq. (9) with the potential of
eq. (3a) is exact even for large potentials, that is, potentials
with gravitational well depths on the order of —c2, and exact
for a time-varying wall radius. Metric (9) is to apply inside
the shell, but we will start our search outside the shell. In that
outer region, Birkhoff’s theorem*® shows that the solution of
Einstein’s equations is, even for this non-static situation, the
static Schwarzschild metric:

ds’ =g, dr’ + g, dr’ +g,,do* + g, dp’ (A1)
where

5 D
m=w@+57} (A2)

c

=
e”'-—(l EffJ, (A3)
e

8oy = -, (A4)
Zpp =17 8in7 0, (A3)

and @ is the Newtonian gravitational potential outside a
spherically symmetric mass M:
() = -1,
-

Here in the Appendix, r is the Schwarzschild radial
coordinate measured from the centre of mass, G is the
Newtonian gravitational constant and (¢, ¢) are the usual
spherical coordinate angles (colatitude and azimuth).

Textbook derivations of Birkhoff’s theorem show that
any metric having spherical symmetry, even a non-diagonal
metric or one for an empty cavity, can be cast into the
diagonal form of eq. (A1) with the last two coefficients, g,
andg, ,given by egs. (A4, 5).* The first two coefficients,
9. and’ g,, » remain unspecified, not necessarily having the
form of egs. (A2, 3). The derivations start by allowing g, ,
and g, , to be functions of t and r, but not of & and ¢ (which
spherical symmetry would prohibit). From this we look for
a solution inside the shell.

All the metric coefficients g, are subject to a boundary
condition that is very important to my argument. They must
be continuous from just outside the shell all the way through
to just inside it.*>*® Otherwise, spacetime (hence clocks and
rulers) would change abruptly from one point to the next.
That would be not only contrary to ordinary experience, but
also hard to imagine theoretically in the absence of some
extraordinary physical cause for it.#” In this particular case,

for r > R.

(A6)
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atenuous cloud of ice particles only 40 m thick (end note 40)
does not seem likely to cause a discontinuity in spacetime.
The coefficients of the metric are directly related to the
gravitational potential ®, which must also be continuous
through the shell.*® The change of potential A® from outside
to inside is less than the maximum gradient (right outside the
shell) of ® times the thickness AR of the shell:

|ACD| G’l.»;’

(AT)

Just outside the shell the potential is—GM/R. Using that
in eq. (A7), and taking the absolute value again, shows that
the fractional change of potential is less than the fractional
change of radius as we go through the shell:
AD_ AR

()] R

From the data in end note 40, AR/R is very small, on the
order of 10-%. That means the potential just inside the shell
is almost exactly the same as the potential just outside it.
The same is true of the metric coefficients. From Einstein’s
field equations below, we can show that the absolute values
of dg, /or and dg, /or are at a maximum just outside the shell.
Applying d/dr to egs. (A2, 3), evaluating the results at R, and
dividing by the relevant metric coefficients shows that the
thickness AR limits the fractional change in the coefficients
as we go through the shell:

(A8)

A | |82, | | 20(R)/¢* | AR
2 | e, | 1+20@®)/| R’ (A9)
GM

where®(R) = —

Unless @(R) is extremely close to the value -4 ¢?, close
enough to overcome the extremely small value of AR/R,
~10-%, there will be very little change in these two metric
coefficients from the outside to the inside of the shell (figure
Al). That gives us the result:

2 ) s = (80)
("g” inside ‘g” outside

- = 4
(RLJ'J' )i:Hi;lL‘ (&“' )uu!ﬁid\‘

(Thesameistrueofg,,andg, ,butthatis notsurprising,
because they do not depend on potentlal ) Using r = R(t)
in eq. (A6) and inserting the result into egs. (A2, 3) shows
that the metric coefficients g, and g,, just outside the shell

depend on time:
- 2GM
¢ R(1)

(A10)

(Al1)

T — c‘:
(&” )nulsi\l\'

=1
2GM
(g”' )uulsidt - _[I N (’: R(-’) ]

Then using the boundary conditions (A10, 11) in these
equations (A12, 13) shows that the metric coefficients g,
and g,, just inside the shell also depend on time in the same

(A12)

(A13)
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way:

(g,,)_ == 21(; M ’ (A14)
inside c” R{{)

-1
2GM
(g”‘ )i|1>i<lx' B _[I B ¢ R(1) ]

Time dependence occurs not merely just inside the shell,
but throughout the cavity. To see this, imagine that the shell
is motionless at time t,, then expands for a while and stops
again at some time well before time t,, remaining motionless
thereafter. At times t, and t, the gradient V® of potential
within the cavity is zero,* as I mentioned in the main text.
So at those two times, the potential and the metric coefficients
within the cavity are flat, independent of position, as figure
2 in the main text shows. Now consider what happens to
the potential and metric coefficients between the two times,
when the shell is expanding. Somehow the potential ® and
the metric coefficients g, and g, must change from the state
at time t, to the state at time t,. That leads to a conclusion
that will shortly become very important.

In an empty expanding shell, the metric must change
with time:

(A15)

& =8/, g.,=g.,0), forr<R(r) (Al6,17)

This compares well to the analogous electromagnetic
situation, an expanding empty spherical shell of electric
charge. First, the electric potential ¢ in the cavity must
change with time to match the changing potential on the
expanding sphere, just as in the gravitational field case above.
Second, a steadily changing and flat electric potential in a
charge-free cavity is a solution of the 4-dimensional version
of the Laplace equation, Cip = 0, where 0 is the d” Alembert
operator.*® Now we must see whether or not there is an
analogous solution of Einstein’s field equations inside an
expanding shell of mass. The mixed-tensor version of those

o A
--——R—>» AR |¢«— I
| »
I
Inside ! Shell i Outside
! I
: :
i !
: :
i : /(g; )()m.\‘;'de
(g;‘r).-'m'.r' e: o
k{' Ag}'!'
_______ £

Figure A1. The metric coefficients, such as g,,, must be continuous
from outside to inside the shell. Because AR/R is very small, the
coefficients are very nearly equal from outside to inside.
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equations is:

872G v (A18)

4 I

Gn‘l = R;:I - _é 5; R=- c

G, is the Einstein tensor, R " is the Ricci tensor, R is
the curvature scalar (for this equation only), G is Newton’s
gravitational constant, c is the speed of light, and T is the
energy-momentum tensor. Many textbooks simplify the
algebra considerably by expressing the first two metric
coefficients as exponentials of two functions of r and t, here
called N and L:

(r.) Lir.a)

g, =", g =-—¢ (A19, 20)

(Here in the Appendix, L has a different meaning than in

the main text.) Setting G = ¢ = 1 for now, and substituting

(AL9, 20), (A4, 5), and (A1) into the Einstein tensor makes
explicit the field equations for this metric:5-52

G,Jz—c)'f'[i—i]—L?:_g”Tf{ (A21)
I re r
G = e [_ N L]_ 1o garr (A2
r Ve re
6 =g et M LN N N
2 4 4 25
L I* LN
—_e M2 2 2—871'?;;” (A23)
2 4 4
=-8nTf
G =—e' ~=-8nT’, (A24)
-
v —N L — f
G'=-e" —=-8nT (A25)

Here in the Appendix the dot (or prime) means the partial
derivative with respect to coordinate time t (or coordinate
radial distance r). Up to now I have closely followed the
textbook derivations of Birkhoff’s theorem, but here I depart
from them. The textbooks assume that all components of the
energy-momentum tensor T " must be zero inside the cavity,
even if the shell is expanding. Their basis for that assumption
is the lack of obvious sources of gravitational field in the
cavity. In particular, looking at egs. (A24, 25), they set T,"
=T.'=0. Because (in general) neither 1/r, e nor e™ are
zero, the textbook authors conclude that the remaining factor,
L, must be zero to satisfy the equations. That makes them
conclude that L cannot be time-dependent. According to eq.
(A20), the time rate of change of L determines that of g_:

ag,,

—
ot

(A26)
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So if L were zero in the cavity, g,, could not vary with
time. That conclusion conflicts with our previous conclusion
in eg. (A17). Something must be wrong with the reasoning
behind at least one of the two conclusions. Eq. (A17) stems
straightforwardly from the continuity of spacetime and seems
unassailable. That leads me to question the assumption that
all parts of the energy-momentum tensor should be zero, in
particular, the assumption that T," and T_* should be zero.
Gravitational potential energy in the cavity is not zero, and
in general relativity, all forms of energy—including potential
energy —can be sources of gravitational field. So, letus solve
egs. (A24, 25) for T,"and T " and use eq. (A26) to see what
the corresponding components of the energy-momentum
tensor (restoring G and c to help interpretation®) must be in
order to allow g, _ to vary with time:

3 2L a ¥
R (A27)
8rGr ot
(.__.: e L+N) ag”_
A — (A28
8nGr ot )

The possibility of non-zero off-diagonal elements of the
energy-momentum tensor in this situation does not appear to
have been considered.® Later, when we find explicit forms
for L, Nand g , we can simplify the above expressions and
try to understand their physical meaning. Non-zero T,"and
T ' mean that the usual application of Birkhoff’s theorem to
a cavity with moving walls has a loophole. The theorem-
users’ assumption of zero T, " in the cavity does not correspond
to reality. So the theorem does not actually exclude the
possibility of a time-dependent metric in the cavity.

Moving on toward a solution, it turns out that we can find
one by allowing the other terms in the energy-momentum
tensor to be zero:

I'=T"=T1,"=T"=0 (A29)

With their right-hand sides zero, subtracting eq. (A21)
from eq. (A22) gives us:

N +L =0 (A30)
As textbooks point out, the solution of that differential
equation is

N + L = h(t) (A31)
where h is any function that is independent of r but possibly
depending on t. Using eq. (A31) to replace N in the second
term on the left-hand side of (A23) changes the expression
to:

te™(L+ 7 -LLh) (A32)

Because h(t) is an arbitrary function, we are perfectly
free to choose it such that expression (A32) becomes zero.
That is desirable because the two left-hand terms in (A23)
would in general be independent of each other. Thus we
chose h(t) to be such that:
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Ho) =2[% . :] (A33)

making expression (A32) become zero. The textbooks
eliminate the expression in a different way, by requiring L
to be independent of time. But eq. (A33) is a perfectly valid
alternative for the case that L does depend on time and that
its time derivative is not zero. Using eq. (A31) ineq. (A19)
modifies the form of the first metric coefficient:

g, =e' (A34)

However, as the textbooks point out,*® a simple
transformation of the time coordinate,
dt’” =e'dr, (A35)
will eliminate h(t) from eq. (A34). As the textbooks point
out, we can then re-label the time coordinate by dropping the
prime from t. All these things make egs. (A31) and (A19)
become:

N+L=0 (A36)

g, =€’ (A37)

Using egs. (A29), (A30), and (A33) in the first three field
equations (A21-23) simplifies them:

e"'(L'—l]+l=0 (A38)

r r

e’ (L'—l]+l=0 (A39)
r)or

L"—L(L’-3]=o
p

(A40)

Here I will again depart from the textbooks by pointing
out an indefiniteness in the function L as it appears in egs
(A38) and (A39). We can transform L as follows:

L=L+ f(t) (A41)

where f(t) is an as-yet-unspecified function that can be a
constant or depend on time, but cannot depend on r. Then
equations (A38) and (A39), which are identical, take the

form: o of
e"‘[L’— —]+— =0

r r

(A42)

Similarly to what we did in eq. (A34), using eq. (A41)
in eq. (A20) modifies a metric coefficient:

g, =—e" (A43)

And like our procedure in eq. (A35), a simple
transformation of the radial coordinate,

dr* =e' dr’, (Ad4)

will eliminate f(t) from eq. (A43). This transformation

does not affect g, but it does change g, and g, , as we will

see later. Because f(t) does not depend on'r, L' and L” in
egs. (A40) and (A42) will not be affected. As before, we
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can re-label, dropping the bar from L. So the radial metric
coefficient again becomes

g, =—e" (A45)
This leaves us with two field equations to solve:
o, 1 e’
e | L ——|[+—=0 (A46)
' r
rr r’ ’ 2
L —L[L ——]zO (A47)
B

A substitution, F(r) = e, makes eq. (A46) easy to
integrate, giving us:

(A48)

where C is an integration constant. Substituting this result
into eq. (A47) shows it is a solution of that equation also.
From this equation, eq. (A37), and eq. (A46), we find that
the first two metric coefficients in the cavity are
;, C
g, = +—,
-

(A49)

(A50)

To match these to the inner boundary conditions at R,
equations (Al4, 15), we must (restoring cand G ) set C =0,
and chose f(t) such that:

) 2GM
e =1-—
¢ R(t)

Using (A51) and C = 0 in (A49, 50) gives us the first

two metric coefficients throughout the cavity at all times:

g, = cr:[l + 2(1)(:R) ], (AS2)

c

g, = —[I + m ]_ (AS3)
C

(A51)

where .
®(R) =—ﬂ, for r < R(¢) (A54)

R(t)
Two well-known relativists agree with the need for a
time-dependent g, in a cavity with moving walls.” But
because they do not let T * be non-zero, they do not get a
time-dependent g . They do not appear to have considered

the need for continuity ing_ aswell as g,..

The transformation in eq. (44) affects the remaining two
coefficients, g,, and g,, After few straightforward steps,

that equation gives us:

=l ¥’ (AS5)
Using this and eq. (A51) in egs. (A4, 5) gives us
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8ss =—[1 + “ZD] e, (A56)

c

(A57)
C

-1
20\ _, .,
gﬁ"(ﬂ :—[I'l‘—:] .!‘"Sln"e,

These equations, with egs. (A52, 53), give us the metric
in the cavity:

—1
ds® = c:[] + 2_51)}#3 - (1 + ﬂ]
¢ c”

(d:_': +7°d0* + 7 sin*0 do’ )

(AS8)

The rightmost factor is simply the length interval in a
3D flat space. We can express it in Cartesian coordinates
X, y and z, so that the metric becomes:

, , 20 ,
ds” = c"[l + — ]d!"
¢

-1
—(1 + 2(1)} (a’.\-z +dy’ +dz’)
[H

These coordinates and the isotropic form emphasize
that in the flat space of the cavity, no particular origin of
coordinates (r = 0) is special. Recalling that here

(A59)

b =- ﬂ for r < R(1),
R(1)
we see that this metric is the same as the metric in eq. (9) of
the main text of this paper. Itis an exact solution of Einstein’s
equations in a mass-free cavity within an expanding shell
of mass.

It remains for us to try to understand the physical meaning
of the new, non-zero parts of the energy-momentum tensor,
egs. (A27, 28), that are necessary to get a time-dependent
solution. The two parts differ only by a factor g_* (the
covariant forms are equal, T =T, ), so it is only necessary
to examine one of them. Using eqs. (A45) and (A53) in eq.
(A27) gives us

(A60)

. c

T = D(R A61
’ 4nGr () (ael)
Multiply numerator and denominator by r ®(R) to
get: . .
O D) A6
4nGr ®(R)

Using eq. (11) of the main text to transform from the
coordinate time derivative (the dot here) to the proper time
derivative (the dot in the main text) gives:

. 20 cD JD/dt
T; =1+ —_— el
¢ AnGre D

where here we understand @ and its time derivative to be
evaluated at R. Eq. (8) in the main text shows that (d® /
dt) / @ is equal to the Hubble constant H. Next, the Hubble
constant multiplied by r gives the radial Hubble flow velocity
v(r), the velocity (specified using proper time) at radius r of

(AG63)
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the fabric of space moving away from the centre. Then the
right-hand two factors in eq. (A63) become:

T Mc

. 0d/dt
)
Using egs. (A53) and (A64) in eq. (A63) gives us:

=—rH=-v(r) (A64)

(A65, 66)

9

i

=0 ———— v(r), where o = ,[1 + =
nr-R c

The (r, t) parts of an energy-momentum tensor represent

a momentum density (with a factor ¢ making the units the
same as those of the diagonal components, energy density).5®
That suggests picturing this equation in terms of momentum
flux, a mass per unit area flowing with the Hubble velocity
v (r) out of the surface of a sphere of radius r and area 4z72.
(The factor a would become 1 if we were to specify Hubble
velocity with coordinate time.) As the fabric of spacetime
stretches out, it carries with it the shell’s mass-energy Mc?,
which behaves as if it were distributed throughout the cavity
by means of the gravitational potential energy.
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